The quantum electrodynamical theory of the three-photon transitions in hydrogen-like ions is presented. Emission probabilities of various three-photon decay channels for 2p 3/2 , 2p 1/2 and 2s 1/2 states are calculated for the nuclear charge Z values 1 Z 95. The results are given in two different gauges. The fully relativistic three-photon decay rates of hydrogen-like ions with half-integer nuclear spin are given for transitions between fine structure components. The results can be applied to the tests of the Bose-Einstein statistics for the multiphoton systems.
I. INTRODUCTION
During last years multiphoton processes have attracted special attention in different fields of physical science. Multiphoton transitions in atomic systems, e.g., two-photon decay and absorption have become a useful and even a standard tool for experimental studies of diverse spectroscopic characteristics in atoms: excitation of levels of various systems, the determination of physical constants, parity-violation phenomena and etc. Since the primary works of Kramers and Heisenberg [1] , Waller [2] , and Goeppert-Mayer [3] , there has been a continuing interest in accurate calculations of multiphoton transitions in hydrogenlike ions. Two-and three-photon transitions are also of interest in astrophysics [4] , [5] . Moreover, multiphoton transitions has been studied in connection with the test of Bose-Einstein statistics [6] - [10] . Recently the Spin-Statistics Selection Rules (SSSRs) which present an extension of the Landau-Yang Theorem (LYT) to the multiphoton processes in atoms were established [12] . Examples given in [12] concerned to the He-like Highly Charged Ions (HCI) with photon frequencies in the X-ray region. In the present work we suggest the experiments for the tests of the 3-photon SSSRs on H-like HCI with the transitions in optical region.
In present work the QED theory is applied to the study of spontaneous three-photon decay processes. Calculations of the various transition probabilities for H-like ions for nuclear charge Z values within the region 1 Z 95 are performed. Furthermore fully relativistic calculations for three-photon transitions between fine structure components with account for hyperfine structure of hydrogen-like ions are presented. This means that we have fixed a certain hyperfine substate of the fine structure component, not introducing explicitly the hyperfine level splitting. We performed calculations in two different gauges, what allows for the accurate check of the gauge invariance of the results. For the summation over the complete Dirac spectrum the B-spline method [11] was employed. Relativistic units are used throughout this paper.
Our paper is organized as follows. In section II we present detailed QED derivation of the general expression for spontaneous three-photon decay rate in H-like ion for an arbitrary combination of electric and magnetic multipoles and in an arbitrary gauge for the electromagnetic potentials. In section III we consider three-photon transitions between fine structure components with account for hyperfine structure (as explained above) of an one-electron ion with arbitrary nuclear spin I. Numerical values for the transition probabilities considered in sections II and III are presented in Tables I-III . In section IV we discuss the application of our results to the study of Bose-Einstein statistics and to the extension of LYT [12] - [14] . This section contains also the concluding remarks.
II. QED THEORY OF THREE-PHOTON TRANSITIONS
We present a computationally convenient fully relativistic form of a general expression for the 3-photon decay rate in H-like ion for an arbitrary combination of electric and magnetic multipoles and in an arbitrary gauge for the electromagnetic potentials. Relativistic units = c = 1 are employed. In this section the hyperfine structure of the levels is neglected.
The S-matrix element for the emission process i → f + 3γ (i and f denote the initial and final states respectively) reads [15] , [16] , [17] 
where
ψ n ( r) is the solution of the Dirac equation for the atomic electron, E n is the Dirac energy, ψ n = ψ + n γ 0 is the Dirac conjugated wave function, γ µ ≡ (γ 0 , γ) are the Dirac matrices and x ≡ ( r, i t) are the space-time coordinates. In this paper the Euclidean metric with an imaginary fourth vector component is adopted. The photon wave function (electromagnetic field potential) is described by
where k ≡ ( k, iω) is the photon momentum 4-vector, k is the photon wave vector, ω = | k| is the photon frequency, e µ are the components of the photon polarization 4-vector, e is the 3-dimensional polarization vector for real photons, A ( k, e) µ corresponds to the absorbed photon and A * ( k, e) µ represents the emitted photon, respectively. For the real transverse photons
The electron propagator for bound electrons can be presented in the form of the eigenmode decomposition with respect to one-electron eigenstates [15] , [16] 
Here summation runs over entire Dirac spectrum for atomic electron. Insertion of the expressions (2)- (5) into Eq. (1) and performing the integrations over time and frequency variables yields
where α are the Dirac matrices, (. . . ) kn denotes the matrix element with Dirac wave function ψ k , ψ n . The amplitude of the emission process U if is related to the S-matrix element via
The differential probability (transition rate) of the process is defined as
Then the differential transition rate in conjunction with the integration over photon directions ν = k/| k| and summation over the photon polarizations e of all the emitted photons with all permutations of photons is
where the frequency ω 3 is defines via δ function in Eq. (8) . Therefore the total transition rate is
where j ei , m ei , j ef , m ef are the angular momenta and their projections for the initial (i) and final (f ) electron states. Expanding the plane waves into spherical waves in Eq. (9) we go over to the description of photons by the total angular momentum j, its projection m and parity (type of the photon). Then we arrive at
In Eq. (11) we employ the reduction of the matrix elements (Q) ab to the radial integrals developed in [18] , [19] 
Here j γ , m γ are the total angular momentum of the photon and its projection, λ characterizes the type of the photon: λ = 1 corresponds to electric and λ = 0 corresponds the magnetic photons. The indices n α , j eα , l eα , m eα present a standard set of one-electron Dirac quantum numbers. The radial matrix elements M (λ,jγ ) nαleαn β l eβ in Eq. (12) are equal to
where g α and f α are the large and small components of the radial Dirac wave function as defined in [18] , κ is the Dirac angular number, ω is the photon frequency, j jγ represents the spherical Bessel function, G is the gauge parameter for the electromagnetic potentials. In our calculations we employ the "velocity" gauge (G = 0) and the "length" G = jγ +1 jγ gauge for the matrix element Eq. (13) [20] . Note that equation (4) corresponds to (G = 0).
The results can be further simplified by the summations over projections of all the angular momenta. For this purpose we define the radial integral part for a particular combination of multipoles as
and
The indices i, j, k denote the serial number of the photon which can take the values 1, 2, 3, the notation [j, k, . . . ] means (2j + l)(2k + 1) . . . . Finally expression for the decay rate can be written in the form
Permutations in Eq. (21) are understood as permutations of the indices 1, 2, 3.
The numerical results for the transition rates 2p 1/2 → 1s 1/2 + 3γ(E1) and 2s 1/2 → 1s 1/2 + 3γ(E2) are presented for the H-like ions with 1 Z 95 in Tables I, II respectively. Summation over the full set of one-electron states was performed within the B-spline approach [11] . The calculations were carried out in two relativistic "forms", corresponding to the nonrelativistic "length" and "velocity" forms [20] ; the results coincide with 3-6 digits. All values was checked for the stability and convergence for the different length of the spline basis set. In order to integrate over photon frequency, the 24 points of Gauss-Legendre quadrature method was employed. For the summation over Dirac spectrum set from 40 B-spline basis states of order 9 were used. The frequency distributions of some transition probabilities are presented in Figs. 1-3 .
III. THREE-PHOTON TRANSITIONS BETWEEN FINE STRUCTURE COMPONENTS
In this section we derive the expression for the 3-photon decay rate in H-like ion for a nuclei with nonzero spin I and consider transitions between different hyperfine sublevels of different fine structure levels. The matrix element between states with total angular momentum F α and F β (where |j e − I| F j e + I) can be reduces to the form [21] :
Then the decay rate is
λ1,λ2,λ3 jγ 1 ,jγ 2 ,jγ 3 mγ 1 ,mγ 2 ,mγ 3 Fe n ′ ,Fe n j en ′ ,jen
In Eq. (24) we have neglected the energy shift due to the hyperfine splitting, since it is small with respect to the total energy difference. In Table III the numerical results for transition probabilities of 2p 3/2 (F = 0) → 2s 1/2 (F = 2) + 3γ(E1) decay in H-like ions for the arbitrary nuclear charge Z and nuclear spin I = 3/2 are listed. In the two last columns of Table III the hyperfine splitting coefficients A(αZ) for the levels 2p 3/2 and 2s 1/2 for different Z values are given. These splittings are evaluated in a fully relativistic theory according to [22] ∆E µ = A(αZ) F (F + 1) − I(I + 1) − j e (j e + 1) 2Ij e (j e + 1)(2l e + 1) ,
Here I is the nuclear spin, κ = (−1) je+le+1/2 (j e + 1/2) is a relativistic electron angular quantum number, n r is the radial quantum number (n r = n − |κ|), γ = κ 2 − (αZ) 2 , N = n 2 r + 2n r γ + κ 2 and µ is the magnetic moment of nucleus expressed in units of nuclear magneton µ N = |e|ℏ/(2m p c), m e and m p is the electron and proton mass, respectively. The values of I, µ are also given in Table III. These transitions can be interesting in the view of the possible tests of Bose-Einstein statistics for the multiphoton systems [12] .
IV. APPLICATION FOR THE TEST OF BOSE-EINSTEIN STATISTICS
In [12] the SSSRs for the multiphoton atomic transitions with equivalent photons which present an extension of the LYT [13] , [14] were formulated. These rules consist of: 1) SSSR-1: Two equivalent photons involved in any atomic transition can have only even values of the total angular momentum J, 2) SSSR-2: Three equivalent dipole photons involved in any atomic transition can have only odd values of the total angular momentum J = 1, 3, 3) SSSR-3: Four equivalent dipole photons involved in any atomic transition can have only even values of the total momentum values J = 0, 2, 4. It was established in [12] that SSSR-2, SSSR-3 do not hold, in general, for the photon multipolarity j > 1.
In [12] the experiments on the test of SSSRs with the absorption processes in He-like ion of Uranium were suggested where the lasers can be used as a source for the the equivalent photons. An advantage of the use of the laser source is that all the photons will have the same frequency. If we divide this frequency by an integer number N γ and adjust the laser frequency ω l to the value of transitions frequency ω a , ω l = ω a /N γ , the number of photons N γ in the absorption process will be fixed.
Using transitions with the initial total electron momentum J i = 2 and the final momentum J f = 0 we will fix the total momentum of the photon system J equal to J i . Then, choosing N γ = 3 and J i = 2 we will test SSSR-2. According to SSSR-2 the value J = 2 for 3 equal photons is forbidden, so that the absorption of the laser light at the corresponding frequency ω l = ω a /3 should be absent. In the same way SSSR-3 can be tested. The numerical examples with the highly charged He-like ions were given in [12] . The photon frequencies in this case are in the X-ray region.
The experiments of this type can be extended to the H-like ions with the half-integer nuclear spin I. The advantage of such experiments consists in the possibility to use the optical range lasers. In the recent experiments with heavy atoms and ions [23] it is possible to measure the frequency distribution for the transitions rates. In this case the value of the total angular momentum F for N γ -photon system can be fixed by choosing the appropriate values F i and F f for the initial (lower) and final (upper) levels in the transition process.
In laser beam all the possible multipolarities of photon are presented. Thus it should produce all the transitions with the same total parity: E1E1E1, E1M1E2, E1E1M2 etc. However the processes with the photons of higher multipolarities are usually strongly suppressed in atoms. Due to this suppression the E1E1E1 transition will be dominant. Measuring the absorption rate at the ω l = ω a /N γ frequency one can establish the validity or non-validity of the particular SSSRs: the atomic vapour should be transparent for the laser light at the frequency ω l = ω a /N γ . Note also that unlike the spontaneous emission which is very weak for multiphoton transitions, the multiphoton absorption depends on the laser intensity and can be well observed in the experiments.
In our examples we considered transitions between fine structure components with fixation of a certain fine structure subcomponents. Varying the nuclear charge Z we can find the situation when each photon will be in optical range (0.857 eV -3.27 eV). For example, to test the SSSRs the H-like ions with Z = 16, 17, 19 can be examined. In this case transitions between fine structure components 2s 1/2 (F = 2) → 2p 3/2 (F = 0) + 3γ(E1) can be chosen. The energy intervals between 2p 3/2 (F = 0) and 2s 1/2 (F = 2) states for Z = 16, 17, 19 are listed in the 8th column of Table III and corresponding ω l for N γ = 3 is in the optical region. The nuclei of these ions are stable [24] . It is important that for Z = 16, 17, 19 the hyperfine splitting both for 2p 3/2 and 2s 1/2 are resolvable (see Table III ) i.e. the transition 2s 1/2 (F = 2) → 2p 3/2 (F = 0) can be well separated out. The 3E1 transition rate value is 10 13 times smaller then the one-photon M2 transition rate. However tuning the laser frequency to the one third of transition frequencies excludes one-photon absorption. Thus the frequency distribution depicted in Fig. 1 (and its two-dimensional sectional cut Fig. 2 ) should be observable in experiments of such type. The same picture arises for 1s 1/2 (F = 0) → 2p 3/2 (F = 0) + 3γ(E1) transition in neutral hydrogen atom (Z = 1) with I = 1/2 and µ = 2.793 (see Fig.  3 ). In this case ω l = 3.40148 eV. For this transition the virtual states ns 1/2 (F = 1) and np 1/2 (F = 1) in the sum in Eq. (24) for the n = 2 lie between the initial 2p 3/2 (F = 2) and final 1s 1/2 (F = 0) states which leads to the resonance (the situation when the energy denominator turns to zero). The presence of the cascade-producing states in the sum over the intermediate states in the transition amplitude leads to the arrival of the high, but narrow "ridge" in the frequency distribution dW (ω1,ω2) dω1dω2 [12] . The "ridge" does not influence the SSSR-2: it does not correspond to the case of three equivalent photons. This is a general situation for all the possible cascade transitions. While in [6, 7] it was demonstrated that two photons behave like two bosons the experiments suggested above would demonstrate that three photons also obey the Bose-Einstein statistics. FIG. 1: (Color Online) 3-dimensional plot for frequencies distribution of the transition rate 2p 3/2 (F = 0) → 2s 1/2 (F = 2) + 3γ(E1) in H-like ion with Z = 19. Nuclear spin I = 3/2. On the vertical axis the transition rate dW dω 1 dω 2 in s −1 is plotted; on the horizontal axes the photon frequencies are plotted in units ω1/∆, ω2/∆ where ∆ denotes the energy difference ∆ = E(2p 3/2 ) − E(2s 1/2 ). The lowest (zero) point is the point with coordinates ω1/∆ = ω2/∆ = 1/3 at the bottom of the "pit" in the frequency distribution for the transition rate which arises due to SSSR-2. The energy difference between 2p 3/2 (F = 2) and 1s 1/2 (F = 0) states is 10.204435 eV and ω l = 3.40148 eV. All details are the same as in Fig. 1 . Here ∆ = E(2p 3/2 ) − E(1s 1/2 ). The lowest (zero) point is the point with coordinates ω1/∆ = ω2/∆ = 1/3 at the bottom of the "pit" in the frequency distribution for the transition rate which arises due to SSSR-2.
